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Abstract

Semidefinite programs derived from the Kalman-Yakubovich-Popov
lemma are quite common in control and signal processing applications.
The programs are often of high dimension making them hard or impos-
sible to solve with general-purpose solvers. KYPD is a customized solver
for KYP-SDPs that utilizes the inherent structure of the optimization
problem thus improving efficiency significantly
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Ragnar Wallin and Anders Hansson

Abstract— Semidefinite programs derived from the Kalman-
Yakubovich-Popov lemma are quite common in control and
signal processing applications. The programs are often of
high dimension making them hard or impossible to solve
with general-purpose solvers. KYPD is a customized solver
for KYP-SDPs that utilizes the inherent structure of the
optimization problem thus improving efficiency significantly.

I. INTRODUCTION

Solving semidefinite programs derived from the Kalman-
Yakubovich-Popov lemma is quite common in control and
signal processing. In fact, some of the most important
applications of SDPs in control involve KYP-SDPs. A far
from complete list of applications include linear system
design and analysis [1], [2], robust control analysis using
integral quadratic constraints [3], [4], [5], [6], quadratic
Lyapunov function search [7] and filter design [8].

In applications the size of the SDP is often very large
making it hard or even impossible to solve with general-
purpose software. However, the KYP-SDP has a very
special structure that may be exploited to make efficient
solvers. KYPD [9] is developed in YALMIP [10] and first
utilizes the KYP-SDP structure to form an SDP with fewer
variables. Then KYPD calls a general-purpose solver to
actually solve the SDP. This solver can be any of YALMIPs
interfaced primal-dual SDP-solvers, e.g. SeDuMi [11] or
SDPT3 [12]. KYPD is also one of YALMIPs solvers.

There are other efficient solvers for KYP-SDPs. They
are based on cutting plane methods [13], [14], [15], [16],
interior-point methods with an alternative barrier [14] and
interior-point methods combined with conjugate gradients
[17], [18], [19]. Preliminary results on the approach used
in KYPD has been presented in [18] and [20]

The KYP-SDP has the following structure

min ¢’z + (C, P)
st X =F(P)+My+G(x) >0 (1)
Where the inner product (C, P) is Trace(CP),

ATP+PA PB
ﬂp):[ BTP 0}

and
p
k=1

whith A € R™*" B € R"™™, C,P € S™ and M}, €
Sntm k= 0,1,...,p. In fact, there can be several
constraints of the type above but for simplicity we only treat
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SDPs with one constraint in this paper. A generalization
is straightforward and incorporated in KYPD. Note that a
standard LMI

p
M = My + Zkak
k+1

is a special case of the constraint with the size of A being
0 x 0. Thus, in a general case, we can handle a mixture of
KYP constraints and standard LMIs. At the moment KYPD
cannot handle the term (C, P) in the objective function but
this will be possible in the next version of the solver.

Before solving a KYP-SDP some preprocessing of the
problem may be highly desirable or even necessary. The
problem can in some cases be replaced by a reduced order
equivalent problem resulting in a shorter computational
time. Preprocessing can also lead to improved numerical
conditioning of the problem. In Section Il we declare what
assumptions are usually made for KYP-SDPs, in Section 111
we explain the ideas behind the solver KYPD, in Section IV
we show what preprocessing can be done if the assumptions
are not fulfilled, in Section V it is shown how to use KYPD
to solve semidefinite programs similar to KYP-SDPs, but
with other stability regions, in Section VI we compare some
solvers for KYP-SPDs, in Section VII possible future work
is presented, and finally in Section VIII some conclusions
are given.

Il. ASSUMPTIONS

A common assumption is that the pair (A, B) is control-
lable. This implies that the operator F has full rank, [20].
To see this we first notice that P will not change if we
apply feedback, A = A — BL. The operator is transformed

as
ATp+pPA PB] [1I on(P) I 0
BTP ol |-L I —-L I

@

As the pair (A4, B) is controllable we can chose A Hurwitz.
If the operator is equated with zero the (1,1)-block of the
operator reads

ATP+ PA=0

Because A is Hurwitz this implies that P = 0. Since the
feedback can be interpreted as a congruence transformation
on the operator we have shown that F(P) = 0 implies
P =0, i.e. the operator has full rank.

In fact « is not changed either under the above congru-
ence transformation, and the Af;-matrices are transformed
anologously to F(P). This can be favourable as the numer-
ical conditioning of the problem, in some cases, is improved



by this action. Another, standard assumption for SDPs is
that the operator A(P, z) defined as

A(P,z) = F(P) + G(x)

has full rank. The controllability assumption and the as-
sumption that the operator .4 has full rank can be relaxed.
What is needed is stabilizability of the pair (A, B), provided
the range of C is in the controllable subspace of (A4, B).
Moreover, if the operator A(P, =) does not have full rank it
is possible to convert the problem to an equivalent reduced
order problem for which the operator has full rank. More
is said about this in Section IV.

I11. KYPD-SOLVING AN EQUIVALENT DUAL PROBLEM

The solver KYPD is based on solving a problem equiv-
alent to the dual problem of (1). The equivalent dual
has considerably fewer variables than the primal SDP and
can be solved using any primal-dual solver. Afterwards
the original primal solution can be reconstructed. Solving
the KYP-SDP in this fashion decreases the computational
time from order n% to order n*. To reduce the number of
variables in the dual some Lyapunov equations are solved. A
set of basis matrices for the dual variable results. Solving the
equivalent problem using a primal-dual SDP-solver yields
a solution to both the equivalent dual problem and to an
equivalent primal problem. Using the basis matrices and the
solution to the equivalent primal problem it is possible to
find 2 in (1) solving a small overdetermined but consistent
system of linear equations. Having z the only remaining
unknown variable in (1) is P . The matrix P can be found
by solving a Lyapunov equation corresponding to the (1,1)-
block of ().

A. The dual problem
The dual of (1) is

max — (Mo, Z)
st. F/(Z)=C ?)
G'(Z)=c k=1,2,...p )
_ le ZlQ
Z= {le Z22} = (®)

with

FNZ)=AZy + Zn AT + BZL, + 7, BT
Gr(Z) = (My, Z)

The operators F* and G* are the adjoint operators of F
and G, respectively. As Z is a symmetric matrix of size
(n+m) x (n+m) the dual problem has even more variables
than the primal problem if

m(m + 1)

<
p<nm-+ 5

which is usually the case.

B. Basis matrices for the dual variable Z

To solve the dual SDP efficiently a reduction of the
number of variables is necessary. We want to find a basis
for Z that satisfies (3). The cost for computing the basis
must be moderate. As the pair (A, B) is controllable the
operator F has full rank. Hence, it follows that there exists
a mapping of dimension ky,.x = mn + m(m + 1)/2 that
spans the nullspace of the adjoint operator F*. We can thus
find a basis for Z which satisfies (3) and where the last &«
basis matrices span the nullspace of F*. One such basis is

Epayy 0 k=0

0 0
o 5

P EkT(n) k(()12) k=1,2,...,mn
| Zk(12)
a 0
k:mn—l—l, ,kfmax

10 Erz)

The matrices Ej (1) form the standard basis for unstruc-
tured n x m matrices, the matrices Ey, 22y form the standard
basis for symmetric m x m matrices and each Ej 1),

k=1,2,... ,mn, is related to Ej ;) through
F*(Fp)=0

Moreover, Fy solves
F*(Fy)=C

Thus, to get the basis we have to solve mn + 1 Lyapunov
equations with respect to Ej,(;1). This can be done in order
n3 operations by transforming A to upper triangular form
and in order n? if A is diagonalized. Hence, the total cost
is at most of the order n* and n3, respectively. Now we can
express Z as

Kmax

Z =Fy+ szFk (6)
k=1

As the operator A has full rank we know that the nullspace
of A* is spanned by k.. — p basis matrices. Thus, we
can further reduce the number of variables by finding basis
matrices that also fulfil (4). This extra reduction will destroy
the structure, for example sparsity, that may be present in
the basis matrices Fj. As some solvers utilize sparsity this,
normally very modest (p usually small), reduction may not
be desirable. Hence, it is optional in KYPD. To make the
reduction we note that (4), with Z expressed as in (6), can
be written as

Gz=b (7)
where the entries of G are

Gij = (M;, Fy),
the entries of b are

b, = ¢; — (M;, Fy)



and z = [ﬁl 2o " If we make a QR factoriza-

tion of G*, [21]
T R
where Q1 and ), are orthogonal, we can express z as
2=Q1RTb+ Qo2

The vector z contains our new variables. The dual variable
can be represented in the new basis

.. kaax]

kmax—p

> ZH;

k=1
where the Hy:s are defined by

Z = (Fy+ Hoy) +

[vecHy vecHy, . —p]

= [vecF, vecF,..] [Q1R™Tb Q]
The dual objective can be written as

kmax—p
Z Z Hg) = —do — d"'z
k=1
As the new basis matrices are linear combinations of the

old basis matrices they satisfy both (3) and (4). Hence, the
dual SDP can be reformulated as

—(My, (Fo + Ho) +

min d”z

kmax—p

Z 5 Hy >0

This standard SDP can be solved Wlth any primal-dual SDP
solver. The computational cost for this is typically of the
order n*. If we are only interested in the objective value
we are ready, but if we want the primal variables P and x
we have to reconstruct them. To this end we need the fact
that the dual solution, X, of the above SDP is actually also
a solution to (1), see [20].

st. Z7 = FO +H0

C. Reconstructing = and P

Primal-dual SDP solvers deliver the dual as well as
the primal variable. Hence, we get X in (1), but we are
really interested in P and «. It turns out that they can
be reconstructed using the basis matrices. Remember that
F*(Fy) = 0 for all £ = 1,2,...knax. Hence, from the
definition of adjoint operators it follows that

(Fy, F(P)) = (F"(Fy), P) = 0
=0
Thus we have

<Fk,X> = <Fk,f(P) + Mo + g(l’))
= (Fg, Mo) + (Fx, G(x))
p
= (Fx, Mo) + > _ x;(Fy, M;)
j=1
This can be rewritten as
Gle=yg

where G is the same matrix as in (7) and
gr = <Fk,X — ]\/[0>

This is a overdetermined but consistent system of equations.
Now, when we have = we can compute P by solving the
Lyapunov function corresponding to the (1,1)-block of the
constraint in (1).

IV. PREPROCESSING

It is common in applications that the assumptions given
in Section Il are not fulfilled. Hence, preprocessing the
problem may be necessary. Preprocessing can improve
computational efficiency and numerical conditioning. All
of the preprocessing in this section can be performed by
KYPD.

A. The pair (A, B) only stabilizable

Assume that the pair (A4, B) is only stabilizable and that
the range of C in (1) is in the controllable subspace of
(A, B). Then, it is possible to get = and the (1,1)-block of P
by solving an equivalent reduced order problem, for which
the pair (A, B) is controllable. The size of the problem
is dependent on the size of the controllable subspace of
(A, B). As the problem is of reduced order this results in
a shorter computational time. To get the solution to the
original problem, that is the whole P- matrix, an additional
Lyapunov equation has to be solved.

If a primal-dual interior-point solver is used to solve
the KYP-SDP, this reduction may be necessary as no
strictly feasible dual point exists if the pair (A, B) is only
stabilizable. Let T be a unitary state transformation such
that

A=TTAT = Pl AJ?]

0 A
Bl}

where the pair (4;, B,) is controllable and A is Hurwitz.
Define

B =BT =

—
s}

P=T"pPT = [{31 1332]

Pfg P,

A r_[C1 Cu

oorerr-[& 4]
~ T 0 T 0
=[ 0] ot on [§

My Mg

Msz My M3

ML ML Ms



Some calculations yield that (1) is equivalent to
min CTJU + Tr(élpl) + 2Tr(é’121512) + Tr(CN’QPQ)
oo [ATP + PiA, Pél} [Ml

Mg
- 0
BT Py 0 } ”

ML M

APy + Py Ay + PL A + AL Py + M2
_ [P Ay + P12A2 + AT Py + M12:|

L B Py + M
« AlTP} +~P1A1~+ M, PB; + Mys]
BT Py + M, Ms3

« PiAis + PiaAs + A~1TP12 + M12:| <0
B{ Piy + M

As the range of C is in the controllable subspace of (A, B)
we have that Cs = 0 and Cy5 = 0. The matrices P and
P, only appear in the latter constraint. Hence, it is possible
to solve the reduced order problem involving P; and x for
which the pair (A4, By) is controllable and then solve a
feasibility problem involving Py5 and P,. Without loss of
generality P;5 may be chosen to zero. Then, the matrix Py
can then be found by solving a Lyapunov equation.

B. Checking full rank of A(P, z)

The full rank property of A(P,z) can be diffucult to
verify. We get a sufficient condition which is much easier
to check if we make a change of variables. First, partition
the Mj-matrices in (1) as

M, g, M12.k:|
M — il )
¥ [Mfé,k M 1
Let P, solve
ATP,+ PbA= My, k=1,2,...,p
and let Mys = Mz — PyB, k=1,2,...,p. Then with

P=P-— Zk 1 ;ckPk it holds that the KYP LMl in (1) is
fullfilled for some P and z if and only if P and x satisfy
<= ATP+ PA PB
T

p
+Z$kMk+Mo >0

k=1
where
- 0 Moy
My = | ’ k=1,2,...
k |:M11;7k A[Q,k y 4y » D

If A is Hurwitz and the matrices A, are linearly indepen-
dent A(P,z) = 0 is equivalent to A(P, z) = 0. This is true
as in the (1,1) block we have

ATP+PA=0

and since A is Hurwitz it follows that P = 0. This implies

that
P
Z ZkMk =0
k=1

and as My, k = 1,2,...,p are linearly independent it
follows that x = 0. By the definition of the change of
variables it is then true that (P, z) = 0.

C. Linearly dependent M;-matrices

If the Mj-matrices are linearly dependent, then either
the objective function is not bounded from below or the
problem can be reduced to an equivalent problem with fewer
variables and new linearly independent matrices. To this end
define

M = [svec(My) svec(My) svec(1M,)]

Make a singular value decomposition of A

_ V1T

M=U[s 0] {VQT}
where ¥; has full column rank. Notice that we do not
have to include the zero rows of M which will reduce the
computational complexity significantly. Define a change of
variables for x via

- Ja@] v
~[1)-[9)

Now clearly Mz = Mz, where M = UY;. Therfore we
can rewrite the constraint in the variables #; and with a set
of linearly independent matrices, Mj, given by the inverse
symmetric vectorization of M. The part of the objective
function involving x can be rewritten as

T
cle=c" [Vl Vg] [“?T} T =T7 4 iy
2

where ¢ = ViTc and é& = Vile. As &, is not present in
the constraint the objective function is bounded from below
only if é; = 0.

V. USING KYPD FOR OTHER STABILITY REGIONS

KYPD is originally designed for analysis of continous-
time systems. However, it can be used for other stability
regions. For the discrete-time case the structure of the KYP-
LMl is

[ATPA - P ATPB]

P
BTPA BTPB +M0+Z$kMkZO @)

k=1
and for any stability region in the complex plane defined
by

H
P—{seC: m {jﬁ gﬂ m <0} ©
D

where D has one strictly negative and one strictly positive
eigenvalue, we can define a generalized KYP-LMI as [22]

7 0]" I 0 .
[A B] D®P[A B:|+M0+kz:$kMkZO
=1
(10)

The continous-time KYP-LMI, where the stability region is
the left half-plane, is a special case with dy; = 0, di2 =



1 and dys = 0. The discrete-time KYP-LMI, where the
stability region is the unit disk, corresponds to d;; = —1,
d12 = 0 and dyy = 1. If we start with a generalized KYP-
LMI with

dyp di2
D= *
[d12 dzz}
but only have a solver for the region defined by

B d_ll JlQ
D=|% ¢
[d*fz dzz}

we can convert the problem to the latter region, with the
same P and x by doing the transformation

A= (tA—yl)(z] —xA)~!
B

= (zA+tI)B
My, =TT M,T, k=0,1,....,p
where
(g (2I —2xA)~' (2l —2A)"'B
T = (tz — xy) [ 0 T

From an eigenvalue decomposition of D and D

D:VP O}VH

0 AF
D 0] e
D_v{0 XJV

we get ¢, =, y, z as

taf:v i_: 0 VH
y =z 0 At

If the inversion of the matrix (zI — zA) is numerically ill-
conditioned a transformation of the generilized KYP-LMI,
similar to the one done in (2), will change the eigenvalues
of A.

V1. COMPARISON OF SOLVERS

The LMI Control Toolbox [23] was for a long time
considered the standard SDP solver for control related prob-
lems. It is still one of the most numerically stable solvers
around but has been surpassed by many solvers when it
comes to computational speed. In recent years the fast and
reliable solver SeDuMi has become a popular choice. In this
section we will compare how efficient some solvers are for
KYP-SDPs. We will solve the SDPs with the LMI Control
Toolbox, and SeDuMi, KYPD calling SeDuMi. Originally,
the analytic cutting plane method solver for KYP-SDPs [15]
was going to be part of the comparison. This was actually
the fastest solver for most of the tests we run, but often it
had to terminate early because of numerical problems. The
relative error in the objective function was in some cases as
high as 1073, However, we believe that there are remedies
to the difficulties and have contacted the developers of this
solver. If everything turns out well the analytic cutting plane
method solver will be a formidable competitor.

A. Example

This is the same example as Example 2 in [24] except
for the numerical values. It involves one KYP-LMI of size
(n+2) x (n+2) and a scalar linear constraint. There are
two z-variables and the number of variables in P is n(n +
1)/2. The solvers stop when the objective function agrees
with the optimal value with an absolute error less than 0.5-
10~ or a relative error less than 10=5. The results from
the comparison is shown in Table I.

n | LMI Tool | SeDuMi | KYPD
10 504 s 22s 26s
18 746 s 45s 42s
32 TIME 14 s 10 s
56 TIME 384 s 75 s

100 TIME SWAP 635 s
TABLE |

COMPUTATIONAL TIMES FOR THE THREE SOLVERS. TIME INDICATES
THAT THE TIME PER ITERATION WAS MORE THAN AN HOUR, SWAP
INDICATES THAT MEMORY SWAPPING OCCURED.

VIl. FURTHER IMPROVEMENTS OF THE SOLVER
A general-purpose primal-dual solver applied to

min fTz
st.Gz=1b
kmax
Z=F0+ZZkaZO
k=1

generates iterates z, A and X > 0, where A\ and X are the
dual variables. At each iteration a linear system of equations

Emax

~WAXW - > AzFp =R

k=1
(Fi,AX)
_ +GTA =1
(Fipos AX)
GTA)\ = T2

is solved. The positive definite matrix W and the righthand
sides R, 1 and r change at each iteration and also depend
on the particular algorithm used. These equations are solved
by eliminating AX from the first equation and substituting
AX = Y i Az, W-1F, W~ — R into the second. This
yields

H G| |Az |+ h
GT 0 A)\ B T2
where

Hjj = (W FEW™LE)), ih,j=1,2,...
hi = (W 'E,W™IR), i=1,2,...

) kmax

y ‘'vimax



The cost for solving this system of equations is proportional
to n3 but the cost for forming H is proportional to n.
However, if the Fy-matrices are low-rank the computational
complexity only has to be cubic. If we, for example, require
that the A-matrix is diagonal the basis matrices in (6) would
have at most rank two. In Section 2.1 of [25] an algorithm
for utilizing low rank is discussed where one starts by
writing F), as a sum of rank one matrices

.

T

Fp = E 0GR Uik Vi,
i=1

Note, however, that this is a case where the second equality
constraint in the dual SDP should not be eliminated as this
would destroy the low rank property of the basis matrices.
Also notice that the algorithm described in [25] is a purely
dual algorithm mostly suitable for max-cut problems having
very sparse structure not only in the Fj-matrices but also
in Z. However, some primal-dual solvers, which are known
to be more efficient than purely dual solvers, already have
routines exploiting low rank for special problems. In the
code referenced in [12] there are specialized routines for
max-cut problems, graph partitioning problems and Lovasz
6 number problems. Unfortunately that version of the code
does not handle equality constraints. Hence, it would not be
possible to write customized code, applicable to KYP-SDPs,
for that solver. Other structures on the A-matrix can also
produce low rank basis matrices. One way to utilize the low-
rank property, when forming H, is to write a customized
solver. This is explained in [20] and produces very good
results. However, the code referenced in [20] does not detect
if the SDP is infeasible. Also in the code referenced in [23]
low rank is utilized, but as has been seen in Section VI
the code still cannot compete. Moreover, it is worth noting
that numerical experiments indicate that the computational
complexity for KYPD, if the A matrix is diagonalized, is
already cubic for n up to approximately 100.

VIIl. CONCLUSIONS

We have presented a structure-exploiting solver for KYP-
SDPs. It decreases the computational complexity from n to
n*. Some preprocessing that may be benefitial is described.
How to use the solver for analysis with respect to other
stability regions is explained. Possible improvements for
future versions of the solver are indicated.
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