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Outline 2(23)

1. Summary of lecture 10

2. Parametric vs. nonparametric models

3. Mixture models – the standard example
4. The Dirichlet process

• Stick-breaking
• The Blackwell-MacQueen and Chinese restaurant processes
• Dirichlet process mixture models

5. Beyond DP mixture models
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Summary of lecture 10 (I/II) 3(23)

The idea underlying Monte Carlo is to generate samples {zi}M
i=1

according to some proposal distribution q(z) and possibly compute a
weight for each sample, resulting in an empirical estimate

π̂(z) =
M

∑
i=1

wiδzi(z)

of the target distribution π(z). This allows for approximations of
general integrals according to

E [g(z)] =
∫

g(z)π(z)dz ≈
M

∑
i=1

wig(zi)
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Summary of lecture 10 (II/II) 4(23)

Two “basic Monte Carlo samplers” were introduced; rejection
sampling and importance sampling.

A Markov chain Monte Carlo (MCMC) method allows us to
generate samples from an arbitrary target distribution π(z) by
simulating a Markov chain whose stationary distribution is π(z).

A Markov chain {zm}m≥1 is a stochastic process specified by

1. Initial distribution: z1 ∼ µ1(z1)

2. Transition kernel: zm+1 | zm ∼ K(zm+1 | zm)

Two constructive ways of building Markov chains with a particular
user-defined stationary distribution where introduced:

1. Metropolis Hastings (MH) sampler

2. Gibbs sampler
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Parametric models 5(23)

Parametric model,

Y ∼ p(Y | θ)

for some finite dimensional parameter θ.

1. Complexity/flexibility of model ≈ dimension of θ.

2. Can lead to over- or underfitting when there is a mismatch
between the model complexity and the amount of available data!

3. Order selection is often a hard problem.
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Nonparametric models 6(23)

Nonparametric model – flexible model in which the complexity
increases with the amount of data.

1. Attempts to avoid order selection.

2. The number of “parameters” increases with the number of data
points.

ex) Empirical transfer function estimate (ETFE)

ĜN(eiω) =
YN(ω)

UN(ω)
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Bayesian nonparametrics 7(23)

• Bayesian parametric model = latent random variables
(parameters).

• Bayesian nonparametric model = latent stochastic process.
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Gaussian processes 8(23)

Recall Gaussian processes from
lecture 5,

f (·) ∼ GP(m(x), k(x, x′)),
yn = f (xn) + en,

for n = 1, . . . , N.
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Stochastic processes in BNP 9(23)

Many possibilities, depending on what we want to capture with the
model,

1. Gaussian process

2. Dirichlet process, Chinese restaurant process

3. Pitman-Yor process

4. Beta process, Indian buffet process

5. . . .
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Beta distribution 10(23)

Beta distribution:

x ∼ Be(a, b)

Parameters: a, b > 0.

• Support: 0 ≤ x ≤ 1.

• Often used as prior for a probability.

• Conjugate prior for Bernoulli,
binomial and geometric distr.
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Dirichlet distribution 11(23)

Dirichlet distribution:

π ∼ Dir(α1, . . . , αK)

Parameters: αk > 0.

• Support: 0 ≤ πk ≤ 1 and
∑K

k=1 πk = 1.

• A draw π = (π1, . . . , πK) can be
interpreted as a discrete probability
distribution.

• The Dirichlet distribution is a
“distribution over distributions”!

• Conjugate prior for discrete and
multinomial distributions.

0
0.2

0.4
0.6

0.8
1 0

0.2
0.4

0.6
0.8

1

0

2

4

6

8

π2

α = 3.0

π1

P
D
F

0
0.2

0.4
0.6

0.8
1 0

0.2
0.4

0.6
0.8

1

1.5

2

2.5

3

3.5

π2

α = 0.9

π1

P
D
F

Fredrik Lindsten
Bayesian nonparametrics

AUTOMATIC CONTROL
REGLERTEKNIK

LINKÖPINGS UNIVERSITET

Dirichlet process 12(23)

Dirichlet process:

G ∼ DP(α, G0),

with base distribution G0 and concentration parameter α.

A draw from the DP is a discrete probability distribution!

• E[G] = G0

• V[G] ∝ (1 + α)−1

−4 −3 −2 −1 0 1 2 3 4
0

0.2

0.4

0.6

0.8

1

x

C
D
F

 

 
G0
Gj ∼ DP (α,G0)

Fredrik Lindsten
Bayesian nonparametrics

AUTOMATIC CONTROL
REGLERTEKNIK

LINKÖPINGS UNIVERSITET



Going nonparametric 13(23)

Can we make this nonparametric? Define an infinite mixture model
by letting K→ ∞, i.e. we get G = ∑∞

k=1 πkδφk , where,

φk
i.i.d.∼ G0,

π ∼ Dir(α/K, . . . , α/K), K→ ∞.

• Will π have a proper distribution as K→ ∞?

• Will ∑∞
k=1 πk = 1?

• Will the model have clustering properties?

A better way – use a constructive definition.
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Posterior updates 14(23)

• Assume that G ∼ DP(α, G0) and θ1 ∼ G.

• What can be said about the posterior distribution “G | θ1”?

• Discrete-Dirichlet-conjugacy carries over to DP!

G | θ1 ∼ DP
(

α + 1,
αG0 + δθ1

α + 1

)
.

• Iterating the posterior update we get,

G | θ1, . . . , θn ∼ DP
(

α + n,
αG0 + ∑n

i=1 δθi

α + n

)
.
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DP mixture model with CRP 15(23)

Note that

p(z1:n) =
n

∏
i=1

p(zi | z1:i−1).

We can thus write the DP mixture model in terms of the CRP,

zn+1 | z1, . . . , zn =

{
k w.p. mk

α+n ,
K + 1 w.p. α

α+n ,

φk
i.i.d.∼ G0, k = 1, 2, . . .

yn | {zn = k}, φk ∼ p(yn | φk).

Similar to a finite mixture model with latent variables, but now the
latent variables are given by the CRP.
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Inference 16(23)

Inference for DP mixture models

• Different representations (stick-breaking, Blackwell-MacQueen,
CRP) give rise to different algorithms.

• Different inference tools – MCMC (Gibbs/split-merge), VB,
Particle filters, Maximization-Expectation, . . .

ex) Gibbs sampler using CRP (Neal, 2000).

Given {yn}N
n=1, iterate:

• For n = 1, . . . , N draw: zn | z−n, yn, {φk}K
k=1;

• For k ∈ {z1, . . . , zn} draw: φk | {all yn s.t. zn = k}.
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Hidden Markov model 17(23)

Hidden Markov model (HMM), xt ∈ {1, . . . , K},
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Infinite hidden Markov model 18(23)

Infinite hidden Markov model, xt ∈N,
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Feature models 19(23)

Can we cluster movies?

The Lord of 
the Rings Batman 

Conan the 
Barbarian 

Last Action 
Hero 

Elf 

We might get a more accurate model by using features, e.g.,

• Fantasy • Arnold Schwarzenegger • Elves • Action • Comedy.
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Feature models 20(23)

Binary latent variables,

znk =

{
1 if item n has feature k,
0 otherwise,

for n = 1, . . . , N and k = 1, . . . , K.

Going nonparametric (“K→ ∞”)⇒ the indian buffet process (IBP)
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Motion capture with the IBP 21(23)

Learning from multiple time series using the IBP
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Figure 3: (a)-(b) The 10th, 50th, and 90th Hamming distance quantilesfor object 3 over 1000 trials for the
HDP-AR-HMMs and BP-AR-HMM, respectively. (c)-(d) Examples of typical segmentations into behavior
modes for the three objects at Gibbs iteration 1000 for the two models (top = estimate, bottom = truth).
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Figure 4:Each skeleton plot displays the trajectory of a learned contiguous segment of more than 2 seconds.
To reduce the number of plots, we preprocessed the data to bridge segments separated by fewer than 300 msec.
The boxes group segments categorized under the same featurelabel, with the color indicating the true feature
label. Skeleton rendering done by modifications to Neil Lawrence’s Matlab MoCap toolbox [13].

by ak ∈ {−0.8,−0.4, 0.8} and the third object usedak ∈ {−0.3, 0.8}. The results shown in
Fig. 3 indicate that the multiple HDP-AR-HMM model typically describes the third object using
ak ∈ {−0.4, 0.8} since this assignment better matches the parameters definedby the other (lengthy)
time series. These results reiterate that the feature modelemphasizes choosing behaviors rather than
assuming all objects are performing minor variations of thesame dynamics.

For the experiments above, we placed a Gamma(1, 1) prior onα andγ, and a Gamma(100, 1) prior
onκ. The gamma proposals usedσ2

γ = 1 andσ2
κ = 100 while the MNIW prior was givenM = 0,

K = 0.1 ∗ Id, n0 = d + 2, andS0 set to 0.75 times the empirical variance of the joint set of
first difference observations. At initialization, each time series was segmented into five contiguous
blocks, with feature labels unique to that sequence.

6 Motion Capture Experiments

The linear dynamical system is a common model for describingsimple human motion [11], and the
more complicated SLDS has been successfully applied to the problem of human motion synthesis,
classification, and visual tracking [17, 18]. Other approaches develop non-linear dynamical models
using Gaussian processes [25] or based on a collection of binary latent features [20]. However, there
has been little effort in jointly segmenting and identifying common dynamic behaviors amongst a
set ofmultiplemotion capture (MoCap) recordings of people performing various tasks. The BP-AR-
HMM provides an ideal way of handling this problem. One benefit of the proposed model, versus
the standard SLDS, is that it does not rely on manually specifying the set of possible behaviors.

7

E. B. Fox, E. B. Sudderth, M. I. Jordan, A. S. Willsky. Sharing Features among Dynamical Systems with Beta Processes,
Proceeding of Neural Information Processing Systems (NIPS), Vancouver, Canada December 2009.
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A few concepts to summarize lecture 11 22(23)

• Nonparametric models allow the complexity to increase with the
amount of data

• Bayesian nonparametrics = latent stochastic processes
• Dirichlet process,

• A draw from the Dirichlet process is a (random) discrete
probability distribution

• Dirichlet process mixture model for clustering
• Hierarchical DPs can be used to construct an “infinite” HMM

• Indian buffet process for feature models
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Further reading 23(23)

M. I. Jordan.
Bayesian nonparametric learning: Expressive priors for intelligent systems.
In R. Dechter, H. Geffner, and J. Halpern, editors, Heuristics, Probability and Causality:
A Tribute to Judea Pearl. College Publications, 2010.

R. M. Neal.
Markov chain sampling methods for Dirichlet process mixture models.
Journal of Computational and Graphical Statistics, 9(2):249–265, 2000.

E. B. Sudderth.
Graphical Models for Visual Object Recognition and Tracking.
PhD thesis, Massachusetts Institute of Technology, 2006.
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