Machine Learning, Lecture 7 Let z be a random variable having a 1-of-K coding scheme.
Approximate inference The marginal PDF of z is
K
Thomas Schén p(z) = H ﬂik:

k=1
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E step (I/ll) 3(33) E step (I/11) 4(33)

Q(0,0:) = B, [Inpy(Z, X) | X]

N K Po,(xn | zuk)Pe, (2nk)
Ey. X| = : :
g, [Z 3 2 (I -+ I (| i 0)) | X oo X = Lo )
n=1k=
N K Y Zak (TON (X | e, Zi))
= Z EEG [z | X] (In 7t + In N (x| g, Zi)) Zle N (xn | 1, %)
e N ([ X)) s
- K N Z - ')/(an)/
Hence, the E step amounts to finding Eg, [z, | X], which is given by Y1 T (xn | i j)
Ep [za | X] = ZznkPQ»(Z | X) = Zznkpe»(znk | X) where the last equality follows from the fact that z, € {0,1}.
V4 Znk
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EM for Gaussian mixtures — explicit algorithm 533 | Example — EM for Gaussian mixtures (I/lll) 6(33)

- - - Consider the same Gaussian mixture as before,
Algorithm 1 EM for Gaussian mixtures i a oe “ o o s os
1. Initialise: Initialize y}, ¥}, 7t} and seti = 1. P :%'%N@\(f_),' (":6 °:5> ) +\?§N(“\Q’ (0 1> ) +%’32~N(x‘@’ (025 1i5)>
2. While not converged do: 1 =1 2 % " =
(a) Expectation (E) step: Compute 2
TN (x| i, 20) ’
V(m) = o n=1,...,Nk=1,... K : :
=1 an<xn | Hjr Z]') - :
(o) Maximization (M) step: Compute
i+1 1 ¥ i+1 Ny & 0
me = @ m = Ne= ) v(zu)
k =1 n=1 ) - N
- 1 N - T ) — . . o 2 4 B N 8 10 12 14
2 = = 1 () (oo — ) G — i)
k n=1 Figure: Probability density function. Figure: N = 1000 samples from the
(c)i+—i+1

Gaussian mixture p(x).
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Example — EM for Gaussian mixtures (1l/1ll) 7(33) | Example — EM for Gaussian mixtures (l1I/1ll) 8(33)

e Apply the EM algorithm to
estimate a Gaussian mixture
with K = 3 Gaussians, i.e.
use the 1000 samples to
compute estimates of 711, 71p,
T3, Y1, M2, U3, 21, Lo, 23. ) ]

e 200 iterations. g Coor ot e e e e

Figure: Initial guess. Figure: True PDF. Figure: Estimate after 200 iterations

of the EM algorithm.
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The K-means algorithm (I/11)

933) | The K-means algorithm (lI/11)

Algorithm 2 K-means algorithm, a.k.a. Lloyd’s algorithm

The name K-means stems from the fact that in step 3 of the

1. Initialize p} and seti = 1.
2. Minimize | w.r.t. 7, keeping uy = p; fixed.

g _ (1 itk =argmin; |, — |
i 0 otherwise

3. Minimize | w.r.t. iy keeping 7, = rfjlgl fixed.

N itl
i+1 _ Ln=1Tnk Xn
e =

N i+1
anl Tk

4. If not converged, update i := i + 1 and return to step 2.

algorithm, uy is give by the mean of all the data points assigned to
cluster k.

Note the similarities between the K-means algorithm and the EM
algorithm for Gaussian mixtures!

K-means is deterministic with “hard” assignment of data points to
clusters (no uncertainty), whereas EM is a probabilistic method that
provides a “soft” assignment.

If the Gaussian mixtures are modeled using covariance matrices
Yp=¢€l, k=1,...,K,

it can be shown that the EM algorithm for a mixture of K Gaussian’s

AUTOMATIC CONTROL
REGLERTEKNIK
LINKOPINGS UNIVERSITET

Machine Learning
T. Schon

Machine Learning
T. Schon

is equivalent to the K-means algorithm, when € — <.
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Outline of lecture 7 11(33) Summary of lecture 6 (I/ll) 12(33)

1. Summary of lecture 6

2. Bayesian reminder

3. Variational Bayesian inference
o General derivation
e Example — identification of an LGSS model
e Example — Gaussian mixtures

4. Expectation propagation

e General derivation
e Example — state estimation

(Chapter 10)
This lecture builds on Umut Orguner’s 2011 lecture.
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The Expectation Maximization (EM) algorithm computes maximum
likelihood estimates of unknown parameters in probabilistic models
involving latent variables.

Expectation (E) step: Compute
Q(6,6;) = Eq {Inpy(Z,X) | X}
_ / Inps(Z, X)ps,(Z | X)dZ.
Maximization (M) step: Compute

611 = argmax Q(0, 0;).
0

Machine Learning
T. Schon

AUTOMATIC CONTROL
REGLERTEKNIK
LINKOPINGS UNIVERSITET

10(33)




Summary of lecture 6 (1l/ll)

We constructed a Gaussian mixture density using latent variables z
(multinomial)

K

p(z) =11

k=1

K
p(x|z) =[N (x| e Ze)*
k=1

This allowed us to derive an EM algorithm for estimating a Gaussian
mixture.

Clustering is the problem of grouping N points {x;} , into K
clusters, where members of each cluster are “similar”.

The K-means algorithm tries to minimize Y ; YK | rellxn — ]
We can show that the K-means algorithm is a (deterministic) special

case of the EM algorithm.
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In the Bayesian framework we are interested in the posterior density
p(Z|X) given by Bayes’ rule as

p(X|Z)p(2)
p(X) '

where X = x1,...,xyn denotes the measurements and
Z = z1,...,zN denotes the latent variables.

p(Z|X) =

Sometimes the posterior can be found exactly using the concept of
conjugate priors.

e (Gaussian case

e More generally the exponential family.

What happens when there is no exact solution?
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13(33) Bayesian reminder 14(33)

Variational methods (I/ll)

Classic calculus involves functions and defines derivatives to
optimize them.

The so-called calculus of variations investigates functions of
functions which are called functionals.

Example: Entropy Hp(-)] = —/p(x) log(p(x))dx.

The derivatives of functionals are called variations.

Calculus of variations has its origins in the 18th century and the most
important result is probably the so-called Euler-lagrange equation

d
C@) 2 [ Litalt),q'(O)dt, Lu(t,g.,ql)+ FLolt,g.,02) =0,
—_— ———

2L(tx,0)
which constitutes the core of optimal control theory.
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Variational methods (lI/ll) 1

In general variational methods, one generally assumes a

predetermined form of the argument function, possibly parametric.
e Quadratic: g(x) = xTAx +b'x+c

e Basis functions: q(x) = 2&1 wip(x)

Variational inference: In the case of probabilistic inference, the
variational approximation takes the form:

M
q(2) = Hqi(zi)

where Z = {Z1,...,Zy} is a partitioning of the unknown variables.

AUTOMATIC CONTROL
REGLERTEKNIK
LINKOPINGS UNIVERSITET

Machine Learning
T. Schon

6(33)




Variational inference

17(33)

Algorithm 3 Variational iteration
Solve the problem iteratively:
1.Forj=1,.... M

(a) Fix {g:(Z;)}M, to their last estimated values {7;(Z;) }M,.
i#] i#]
(b) Find the solution of

q1(Z;) = arg max L(q)

2. Repeat 1 until convergence.
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VB example 1 — LGSS identification

Consider the following Bayesian LGSS model
Xgr1 = Ox + vy,

Ye =

0 ~ N(6;0,07),
Aim: Compute the posterior p(6]yo.n) using the VB framework.

e We have some latent variables xo.y = {xo,...,xn}.

e Different notation compared to Bishop! The observations are
denoted y and the latent variables are denoted x.
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2 (2)~2((0)-(5 )
xo ~ N (x0; %0, %0), % 0 7e
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With latent variables

p(0lyon) = /P(G,XO:NWO;N)dxo:N
There is still no exact form for the joint density p(6, xo.n |vo:N)-

Variational Approximation
e Approximate the posterior p(6, xo.n|yo:N) as

p(6, xo.n|yo:n) = q6(0)qx(x0.N)
e Find g4(0) and gx(xo.n) using

log g9(6) =Ey, [log p(yon, Xo:n, 0)] + const.
log gx(xo:N) =Ey, [log p(vo:n, Xo:n, )] + const.
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Variational Bayes formulas are

log qe(6) =E,, [log p(yo.n, Xo:N, 6)] + const.
log qx(xo:n) =Eg, [log p(yo:n, xo:n, 6)] + const.
We have the joint density p(vo.n, Xo:n, 6) as

p(voN, Xo:N, 0) =p(vo.n|xo:N)p (x1:n |x0:N—1,0)p(x0)p(6)

= Ijgp(}/ﬂxi) Hp(xi|xi—11 0)p(xo0)p(6)

VB example 1 — LGSS identification 1933) | VB example 1 — LGSS identification 20(33)

i=1
Taking the logarithm and separating the constant terms
N N
0.5 0.5
log p(von, Xon, 0) = — ) ?(yi —0.5%)2 =) F(xi — Ox;_1)*
i=0 Ye

iz
—0.5/03(x0 — X)> — 0.5/026% + const.
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Back to the Bishop’s notation: x now denotes a measurement.
e Suppose we have x1.y i.i.d. and distributed as

K
Xj ~ P(x|7T1:K,}41:1<, Aix) = Z N (x; Uk Ak‘1>
k=1

e In the Bayesian framework, all the unknowns {711, #1.x, A1:x } are
random.

tX()—l
Tl

=

TT1:K NDiI‘(T[l:Klo‘O) é

T
(X

1~

pix, Ak ~p(prx, M) = T TN (m; mo, (BoAr) ™ )W (A Wo, o)
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VB example 2 — Gaussian Mixture inference 21(33) | VB example 2 — Gaussian Mixture inference 22(33)

e Define the latent variables z; £ [z;1, - - - ,zik|T as in EM. Then

N

K .
p(xin,zin) = [ [T [N (x; e Ak_1> ‘

i=1k=1

e The Bayesian framework then asks for the posterior density
p(z1:N, 7Tk, Pk, Ak XN

Variational Approximation

e Approximate the posterior as

p(z1:N, 7Tk, Pk, Ak |X1N) & 92(20:8) G p,a (71K p1:x, Avk)

e Find g.(z1.n) and gy, A (7T1:k, p1:x, Ar:k) iteratively.
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VB example 2 — sparsity with Bayesian methods

23(33)

Symmetric Dirichlet distribution for K = 3.

ap=0.1

ap=0.99

e
=~

logp(:3)
logp(m1:3)

oo

m1:3 ~ Dir(7mm.3|a0)
3
& H 71,‘:0_1
k=1

= (7'[17'[2(1 — 71 —

Machine Learning
T. Schén

AUTOMATIC CONTROL
REGLERTEKNIK
LINKOPINGS UNIVERSITET

Minimization of KL-divergence (I/1ll)
Suppose we have

p(x) = 02N (x;5,1) + 0.8N (x, —5,2%)
Let g,,0(x) = N (x; 1, 02)

Find min, - KL(q,,0||p) Find miny, ¢ KL(p||g,,0)
0.! 0.5
—plx —plx
0.45 _21( (Z)‘) 0.45 _ggx;
0.4 g (z) 0.4
~— 0.35] /;Z\ 0.35
> 0.3 < 0.3
g 0.25 —é 0.25|
’;;\ 0.2] /i: 0.2
0.15 ,0.15]
0.1] 0.1
0.05 0.05
—(%.5 -10 -5 0 5 10 -15 -10 -5 0 5 10
T

Machine Learning
T. Schon

AUTOMATIC CONTROL
REGLERTEKNIK
LINKOPINGS UNIVERSITET




Minimization of KL-divergence (ll/lll) 2 Minimization of KL-divergence (llI/1ll)

0. — (z)
) ) This second form of optimization o — (o)
Find min,, » KL(q,,¢||p) Find miny, - KL(p||q;,¢) S0
. e : =0 A p(x) 3o
= =R KL(pllgue) 2 [ p(x)loghdx 2
—da() Tu, o
= T o has the following attractive property.
% 0.2] 3 0.2 -15 -10 s L0 5 10
=. 0.15] 20.15
on o #=Ey(x) = p(x)
95 10 s 0 5 10 s -10 -5 [ 5 10 62 — E’\ (x _ E’\(x)) (x _ E (xxT))z
@ ¢ q q P
A q]/l,U p(x) . . . . . . ]
KL (40| lp) £ /’hw(x) log dx  KL(p||gue) £ /p(x) log dx . S|m|Ir?1r propertles hold for the_ entire expone.nt|al family.
p(x) Qu,o e A variational method using this type of KL-divergence
zero—forcing forci minimization and hence the expectation equations above is
non-zero-lorcing Expectation Propagation (EP).
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Expectation propagation (I/ll) 27(33) | Expectation propagation (lI/1l) 28(33)

the KL divergence between pairs of factors f;(X) and g;(X).
p(X|Y) < [Ai(X) e The terms g;(x;) are estimated iteratively as in VB by keeping
' the last estimates of {g; }L_,.
which is intractable or too computationally costly to compute. #
e Then EP approximates the posterior as R R
) 7i(X) = argmin KL (] 1;[‘11 9i(X) I;[qi(X))
1 1
p(X]Y) ~ q(X qu(X) [TV i ) ! ’
i=1 e This is in the Gaussian case obtained by solving the equations
e |deally we want to minimize the KL divergence between the true
posterior and the approximation, qu Hi;éjﬁi(X) :Efj Hi;ejﬁi(X)
T T
—~ . 14 L E‘i‘Hi iqi (XX ) :Ef‘Hi 'ﬁi(XX )
9(X) = argminKL (Z Hfi(X)IIHqi(X)) e e
i=1 i=1

for the mean y; and the covariance X; of g;(+).
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EP example — smoothing under GM noise 2933) | EP example — smoothing under GM noise 30(33)

Consider the following LGSS model

Xxo = 0is known
ok ~ N (040,07)

Xk41 = Xk + U,
Yk = Xx + ek,

ex ~ pe(ex) 2 0.9N (e;0,02) + 0.1N (¢4 0, (1007)?)

Aim: Compute the posterior density p(x1.n]y1:N)-
e Recall that the true posterior factorizes as

N
plxanlyin) o< I [p(yilxip(xilxiq)
i=1
e The true posterior in this case is a Gaussian mixture with 2NV

components which is not feasible to compute.
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e Make the variational approximation

N

2 [TV (i i 07)
i=1

e Consider the density for x; given as

pex) o [ [ pl)p(aalpCol 1)
XN(xj+1;l/lj+1,fT]~24r1)N(x] 1 Hi- 1,02 1) dxjidx g

P(xlzN\ylzN) ~ q(xlzN)

which can be calculated as
p(x;) =wi (pja1, Ot )N <xj;171(ﬂji1,tfjﬂ),P%(Vjil/Ujﬂ))
Wy (pjs1, Oje1) N <xj}772(}4ji1,ffjﬂ)&%(#jib%il))
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=uwn ﬂ]:tlro}:tl x]/771 ]’l]:tlro}:l:l P1 V]:tlro}:tl)

+w2(#ji1,(7ji1)/\/ (xj;Uz(#jﬂ,Ujﬁ),Pz(ﬂjﬂ,Ujﬂ))

where the parameters wy >, 7712 and p1, are

.Y
n pl(p 02)

2 l + l - 2 l + ; -
P\ " o P27\ (10a)2
wy <0.9N (yj;7,0% + 02) w 01N (yj;7,% + (100,)?)
oo M Wi+ 1 1 !
7=p ( ) 0’ =( + )
Gatod gt ¢ ol 05 oy tog
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p(x;) =w1(pjs1, 0je1) N (xf'"Wl(?‘fil"ffil)’p%(”fil’Ujil))
+w2(]/lj:|:1/ Oj+1 ),/\/ <x]-,' ﬂz(lflj:tlz O}il)rP%(P‘jﬂ/ Ujil))

The EP solution for g;(x;) = N (x;; Wjs 07 o) is obtained by matching
(propagating) expectations between g; (- ) and p(x;).
Hj =W + W2tz
of =wr (0} + (m — )?) + w2 (93 + (2 — i)
i 11 U — 2 (P2 T 2 — 1
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EP example — smoothing under GM noise 133) | EP example — smoothing under GM noise 2(33)
p(x)




A few concepts to summarize lecture 7

Variational Inference: Approximate Bayesian inference where factorial approximations are
made on the form of the posteriors.

Kullback-Leibler (KL) Divergence: A cost function to find optimal approximations for the
posteriors in two different forms.

Variational Bayes: A form of variational inference where KL(q||p) is used for the optimization.

Expectation Propagation: A form of variational inference where KL(p||q) is used for the
optimization.
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